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1. Greenberg’s Question.
Pick a totally real field F Cc Q with integer ring O.

Take a non CM AVRM A over a number field kK C Q with integer
ring O; so, O — End(A/k), dimA = [F : Q] and the centralizer
of O in End(A/@) is O.

Pick a prime p|p of O and consider p-adic Tate module Ty A.

Suppose that A has good reduction A modulo a prime B|p of
k, and assume that fl[p](Fp) = O/p (p-ordinary at P).

Greenberg’s Question: Is Ty A indecomposable over the de-
composition group D‘B?



§2. Solution.

Theorem 1. Yes it is indecomposable.

I try to explain my far-fetched proof and its consequences, as-
suming that p is unramified in F' - k (this assumption has been
removed by Bin Zhao; so, the theorem is unconditional).

Fix a prime p and

e a finite set of rational primes p € = unramified in F - k;
e field embeddings C <= Q -% C, for all primes .

Write [ (resp. £) be prime of O (resp. O) induced by Q — C;.



§3. Hilbert modular Shimura variety.

Let Z(=y = QNIlje=%2;, and A3 be the adele ring away from
=U{oo}. Put V =07 and V(R) =V ®y R for Z=y-algebras R.

Hilbert modular Shimura variety Sh%():) classifies
(A, 75,
made of an AVRM A, level structure for TA = li_mNA[N]
13 v(a®) 274 g AG
and prime-to-= polarization class. Thus
ShEN(R) 2 {(A,7),3) g}/ =,

where = is by prime-to-= F-linear isogenies. We remove “(=)"
from our notation if no confusion is likely.



84. Aut(Sh).

Let G = Res»/nGL(2). We let G(A(Z)) act on Sh by
F/Q

n—mneog.

If z € Sh corresponds (Agz, nz, A\z), let
M, = End®(A4;) = End(Az) ® Q.
Then we can embed

Mxp—:%G(A(E)) by aong =mnz o0 pla).

X

Then p(M)) gives rise to the stabilizer of =.

If M; = F, the action of M) is trivial; but, if Mz/F is a CM
extension, the action factors through M)/ F*.



85. Serre—Tate deformation theory

Assume that A = (A4,n,)\) has ordinary good reduction at £.
Consider its reduction

Ag = (Ag,ng, Ag) = (A,n,A) ® Fg
for an algebraic closure Fg of Fo := /£, which gives rise to a
point xo € Sh(Fg).

Let W; = W(Fa). Then the formal completion S; of Sh along
x o IS isomorphic to the Serre—Tate deformation space.

For any complete local ring R with residue field FQ,

Si(R) & {A:= (A,n4, ) /RIA/gr O R/mp = Ag}/ &

As is well known, §l >~ Gy ® O.



6. Serre—Tate coordinates

L ————

Identify Gy, = Spf(W;[t,t—1]). Then consider the rigid analytic
space S#" associated to S; in the sense of Berthelot.

Taking the o-component of “log(t)"” given by
o' Gm ® O(W)) = (1 4+ my,) ®7 0 L X [[W = W,
o
we may identify S = Sp(Ci{{7,}}s)-
We have a decomposition
Q§Za”/<Cl — QP g?@

such that Q5" is generated by d7 ..



§7. CM action on S

Let Mo = End%(Ag/F ) which is a CM quadratic extension of
F' generated by the N%S)—power Frobenius map ¢q¢.

We can embed «a € Mg into G(A(3)) by aong =mneo pla).

Then we have, writing t for t® 1 and t* =t ® a,

C

no0p(@) =a’1 D (s topla) =1 ).

So we call 7, o-eigen-coordinate. Any o-eigen-coordinate on
S;"" is proportional to 7 ;.

The origin 7 = 0 gives rise to the canonical CM lift A" of Ag.

Hereafter we take W = ﬂlezil_l(Wl) inside Q.



§8. Point € S, C Sh of (A,1,\).

Suppose Tp A is decomposable over D‘B' If p remains prime over
p, by non-CM property, we have t(A) # 1 and hence Ty A cannot
be decomposable.

We may assume that there are more than two prime factors
of (p) in F. For simplicity, we assume that [F' : Q] = 2; so,
(p) =pp’. Write o : F — @p corresponding to p and ¢’ : F — @p
corresponding to p’.

Then we have

mp,o(z) =0 and 7, (z) # 0.



§9. Kodaira-Spencer map.

Let 7 : A — Sh (resp. 7 : A — S;) be the universal abelian
varieties. By the O-action on A, O acts on QA/Sh and QA/§Z'

Writing w = m£2 /g and w; = W*QA/S, we have the following
decomposition into o-eigenspaces:

w=Puw¥ and w; = @wl@O.
o o
The Kodaira-Spencer map induces a canonical isomorphism

~ Q20 R ~ Q20
2, Sh/W = = W QO 5w = Wi :



§10. Stability under CM action.

Since o 0 p(a) = a7, 5. the fiber w]‘?z"(a;) at x of the

invertible sheaf w®/2§" is stable under the action of p(Mg).
D/ op

Since
w}?za(a:) = w¥®29(3) ) W,
the fiber at « of the global sheaf w®27(z) is stable under p(Mg).

Pick another prime | € = so that A has ordinary good reduction
at £. Then we have

w27 (z) = w27 (z) @y W)
Thus w®??(z) is stable under p(Mg); S0,

To(x) =0 and 7 ,0p(a) = aa(l_c)ﬁ,a.



§11. CM contradiction.

By
T o(x) =0 and 7 ,0p(a) = Oéa(l_c)ﬁ,a,

Ag has CM by the same My = Mg,

The choice of £ is arbitrary, by Chebotarev density applied to
the Galois representation on Ty A, we can find [ with Mgq 7+ M‘B'
a contradiction.

Thus Ty A must be indecomposable over D‘B'

The argument works well for any p-ordinary A and general F'.



§12. Kodaira-Spencer map again.
We restart with a CM abelian variety A with CM by 9.

Recall w = mS2p /g, and wp = 7825 we have the following

A/Sy
decomposition into o-eigenspaces:

w=Pw® and w; = @wl@‘f.
(o) (o)

The Kodaira-Spencer map induces a canonical isomorphism

~ K20 R ~  R20
25 shyw = W and Qa,Sl/Wl = w; .

" /S

Spf(W[sl,sl_l]), the Kodaira-Spencer map is given by

Writing the formal group A of A

dSO') ®?2

So

dTl,O. > (



§13. Katz period and proportionality.

Choose an algebraic differential w®™ with
HO(A™, Q gem ) = W @ O)w™.
Assuming Agp is ordinary, identifying A — @m ® O with @m =

e~

Spf(W[sl,sl_l]), Katz defined his p-adic period €2, € Wl>< by

d
(cjm _ Qp,a ( Sl)
o

S1

comparing its o-eigen components.

Comparing the fibers of the Kodair-Spencer map at - = 0, we
get drpo/dr , = Q3 , /27, . Since 1y, and 7;, are proportional,

— O2 2
Theorem 2. Tp,a/Tl,a — Qp,a/Ql,g



§14. Hilbert modular Galois representation.

Let f be a nearly p-ordinary weight 2 non CM Hilbert modular
Hecke eigenform for a totally real field K.

Assume that its p-adic Galois representation pg comes from
an abelian variety Ag¢ of GL(2)-type (e.g., f is the image of
Jacquet-Langlands correspondence from a Shimura curve).

Bin Zhao removed the unramifiedness assumption by the result
of Deligne-Pappas and showed that A¢ ~ A€ for an absolute
simple AVRM over a number field k/K; SO,

Theorem 3 (B. Zhao). ,0f|D§B is indecomposable.

Balasubramanyam, Ghate and Vatsal have got a similar result
under a different set of assumptions.



§15. Application to Coleman’s problem.

Assume p > 3 and let N be a positive number prime to p.
Write Ml;f(l‘l(N)) for the space of elliptic overconvergent p-
adic modular forms.

By the theta operator 6 = qg—q, we have

0F=1 Ml (F1(N)) — M (T1(N)).

Coleman proved that for k > 2, every classical CM cuspidal
eigenform of weight k£ and slope kK — 1 is in the image of gk—1,

Coleman’s question is
Is there non-CM classical cusp forms in the image of 9¥—17



§16. Answer is no for k£ = 2.

By p-adic Hodge theory (a result of Kisin), if f of p-slope k—1
IS in the image of 9"7_1, Pf has to be decomposable at p (a
remark by Emerton).

Thus by the result of Zhao, we get

Theorem 4 (B. Zhao). Suppose k = 2. Then a p-siope 1
classical Hecke eigen cusp form is in the image of 0 if and only
if f has complex multiplication.



